In this article, we prove certain isoperimetric inequalities for eigenvalues of Riesz potentials and show some applications of the results to a non-local boundary value problem of the Laplace operator.
Introduction
Historically, the minimization of the first eigenvalue of the Dirichlet Laplacian is probably the first such problem which appeared in the scientific literature. In Rayleigh's famous book "Theory of Sound" [1] (first published in 1877), by using some explicit computation and physical interpretations, he stated that a circle minimizes (among all domains of the same area) the first eigenvalue of the Laplacian with the Dirichlet boundary condition. The proof of this conjecture was obtained only after 30 years later, simultaneously (and independently) by G. Faber and E. Krahn. Nowadays, the Rayleigh-Faber-Krahn inequality has been expanded many other boundary value spectral problems and operators; see [2, 3] for further references.
In the present paper, we give simple proofs of some isoperimetric inequalities for the eigenvalues of Riesz potential by using methods of symmetrical decreasing rearrangements of positive measurable functions and variational principles. Riesz potentials, that is convolution operators with fractional powers of the distance to a point in , have important roles in fractional calculus theory. We also apply these results for the Laplacian with a nonlocal boundary conditions, in particular, we prove Rayleigh-Faber-Krahn inequality for the obtained non-local boundary value spectral problem of the Laplacian. 
Main Results
Let in an open bounded domain of the following spectral eigenvalue problem of the Riesz potential has discrete spectrum:
and Г is the gamma func- .
Preliminary
Let bounded measurable set in . Its symmetric  rearrangement is an open ball originated at 0 with a volume equal to the volume of , i.e.
is the surface area of the unit sphere in . Let u be a nonnegative measurable function vanishing at infinity, in the sense that all its positive level sets have finite measure,
In the definition of the symmetric decreasing rearrangement of can be used the layer-cake decomposition (see, for example, [5]), which expresses a nonnegative function in terms of its level sets as
where  is the characteristic function of the corre-
is called a symmetric decreasing rearrangement of . u As its level sets are open domains is lower semicontinuous function, and it is uniquely determined by the distribution function
. 
By construction, u is equimeasurable with u , i.e. corresponding level sets of the two functions have the same volume, 
Theorem 2 is proved. Note 2. We can generalize Theorem 2 writing in the following form
but obviously, in this case we need some restrictions on depending on the dimension of the Euclidean space and n d  . u C C     . A direct calculation shows that, for any , we have 
On Applications of Results for Boundary Value Problems of the Laplacian
This implies, for x   , we get
Applying properties of single-layer and double-layer potentials [8] to Formula (5.4) with , we get 
